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GENERIC STABILITY OF DISSIPATIVE NON-RELATIVISTIC
AND RELATIVISTIC FLUIDS
PÉTER VÁN
Abstrat. The linear stability of the homogeneous equilibrium of non-relati-
visti uids with mass ux and speial relativisti uids with the absolute
value of the energy vetor as internal energy is investigated. It is proved that
the equilibrium is asymptotially stable in both ases due to purely thermo-
dynami restritions; the only requirements are the thermodynami stability
and the nonnegativity of the transport oeients.
1. Introdution
Thermodynamis is a theory of stability. The existene of the entropy fun-
tion, a onave thermodynami potential that inreases in insulated systems is a
stability requirement. Similarly, the existene of thermodynami potentials with
partiular onvexity properties and their tendeny to a denite extremum in ase
of dierent homogeneous boundary onditions are stability requirements. This is
a rather old, but essential point of view regarding the nonequilibrium thermody-
namis of marosopi systems, both ontinuous and homogeneous. The similarity
of the mathematial struture of the ontinuum thermodynami theories and the
onditions in Lyapunov's diret method (see e.g. [1℄), was pointed out and inves-
tigated by several authors [2, 3, 4, 5℄. Moreover, a omplete and rigorous dynami
reinterpretation of ordinary equilibrium thermodynamis, the thermodynamis of
homogeneous bodies from the point of view of stability is given in [6℄ (see also the
referenes therein). Aording to this point of view the homogeneous equilibrium
of marosopi ontinua, the thermodynami equilibrium in ase of homogeneous
boundary onditions is asymptotially stable. Pure thermodynami requirements
are the only onditions without any further ado. In the following we all this
essential property as generi stability.
Let us give some larifying remarks to the statement above. First of all generi
stability an be violated in everyday situations. The loss of thermodynami stabil-
ity, that is the violation of onavity, the existene of phase boundaries, indiate
that hanges of the external onditions an trigger strutural hanges in the ma-
terial. As a seond remark let us emphasize, that generi stability is related to
spei equilibria and not to steady states. The stability or instability of steady
states is not related diretly to generi stability [3℄. Finally we emphasize that the
existene of a Lyapunov funtion ensures that generi stability is nonlinear, and
the linear stability of the same equilibria is only a neessary ondition.
This stability point of view of thermodynamis gives a sound and simple inter-
pretation of the Seond Law and shows learly why the Seond Law is fundamental
for any theory of physis. Without this basi stability property of materials one
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ould not measure anything, repeated experiments ould give rather dierent re-
sults, small hanges of the external onditions ould drive physial systems far from
their initial state.
The problem of generi stability is well known and ruial for dissipative rela-
tivisti uids. The simplest relativisti generalization of the Fourier-Navier-Stokes
system of equations, the theory of Ekart [7℄ is proved to be unstable and aausal
and therefore not viable [8℄. The same has been proved for the so-alled rst order
theories in general, where entropy four vetor depends on the lassial basi state
variables [9℄.
The other oneptual issue of relativisti uids, the requirement of ausality,
initiated a whole new family of dissipative relativisti uids, where the basi state
spae is extended by dierent ways. In several ases the extension involves the dis-
sipative part of the ux of energy-momentum as new variables of the theory. When
the extension results in symmetri hyperboli evolution equations, then ausality
is ensured. The prie of the extension is the inreased omplexity of the equations
and the larger number of neessary material parameters. There are a number of
suh kind of theories in the literature [10, 11, 12, 13, 14, 15℄. Only a few of them
was investigated from the point of view of symmetri hyperboliity and generi
stability.
Regarding the onnetion of ausality and hyperboliity there are arguments
that from a physial point of view paraboli theories an be ausal as long as
they are stable [16, 17, 18, 19℄, beause in that ase the propagation speed of the
validity range of the theory an be smaller than the speed of light. On the other
hand, stability and symmetri hyperboliity are not neessarily onneted, a stable
paraboli theory an be extended.
The example of the Israel-Stewart theory, the best known extended theory in
the literature, demonstrates the rather involved relations of ausality, stability and
hyperboliity of relativisti uids. The original non-perturbed equations in these
theories are not known to be symmetri (let alone ausal) for arbitrary uid states
[20℄. However, onditions of the symmetri hyperboliity of the perturbation equa-
tions are equivalent to the onditions of linear stability of the homogeneous equilib-
rium. What is really disturbing here are these stability and hyperboliity onditions
themselves [21, 22℄ (See Appendix A). These onditions give restritions on the
equations of state of the uid beyond normal thermodynami requirements, on-
ditions for the newly introdued additional material parameters (e.g. they annot
be onstant) and also restritions regarding their relations. Moreover, the physi-
al ontent of these diult relations is ompletely obsure. As the Israel-Stewart
theory is the most popular in reent appliations to the uid mehani desription
of heavy-ion ollisions all these oneptual problems are an have an experimental
feedbak [23, 24, 25, 26, 27, 24, 28, 29, 30℄.
Reently we have suggested a new approah to the problem. Our suggestion is
based on a novel onept of internal energy [19℄. The form of the internal energy
was derived from a detailed investigation of the ompatibility of the basi balanes
and the entropy inequality by modern thermodynami methods [31℄. We have
investigated also the generi stability of the uid equations in the Ekart frame,
and proved that thermodynami stability and the positivity of the usual transport
oeients (heat ondution, visosity) will ensure the stability without any further
ado [19℄. Moreover, we have given a simple extension of our internal energy that
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gives relaxation equations for the dissipative uxes similarly to the Israel-Stewart
theory [32℄.
In this paper we investigate neessary onditions of the asymptoti stability
of homogeneous equilibrium of insulated simple one omponent uids. First we
will show the linear stability of a generalized form of one omponent nonrelativisti
uids with a diusion ux. These uids were reently promoted by Brenner [33, 34℄
and their thermodynami suitability was shown in the frame of GENERIC [15℄
and Classial Irreversible Thermodynamis [35℄. The existene of diusion ux
in nonrelativisti uids is equivalent to a general ow frame in relativisti uids,
when the veloity eld of the ontinuum is not neessarily xed to a onserved
quantity. Then we investigate the generi stability of our relativisti dissipative
uid theory. We show that the onditions of the linear stability in a general frame
are the thermodynami stability and the positivity of the transport oeients (heat
ondution, visosities and diusion) without any further ado. Then we summarize
and disuss our results.
2. Non-relativisti fluids
Here we develop a generalized Fourier-Navier-Stokes theory, from the point of
view of non-equilibrium thermodynamis. Beause we want to give a parallel treat-
ment with the speial relativisti ase therefore we give the basi balanes with the
help of densities, introdue a ondutive ux term in the balane of mass-partile
number and apply a notation with indies in both ases. In ase of non-relativisti
uids the indies are i, j, k, l, ... and are running from 1, .., 3. The dot denotes the
substantial time derivative a˙ = ∂ta+ v
i∂ia, where ∂t is the partial time derivative.
2.1. Basi equations. The balane of partile number will be given instead of the
balane of mass
(1) n˙+ n∂iv
i + ∂ij
i = 0.
In our one omponent uid the partile number density n is related to the density
as ρ = mn, where m is the molar mass. The balane of total energy is
(2) e˙+ e∂iv
i + ∂il
i = 0.
Here e is the onserved total energy density, li is the energy ux. The balane
of the momentum, the Cauhy equation, will be written as
(3) p˙i + pi∂jv
j + ∂j
(
P ij + jjmvi
)
= 0i.
Here pi denotes the momentum density, we have assumed a ontinuum without
internal moment of momentum, therefore P ij , the pressure tensor is symmetri.
There is an extra ontribution to the momentum ux due to the diusion ux. We
assume that the momentum is related to the veloity and the mass as pi = ρvi. The
internal energy density is the dierene of the total and the kineti energy densities
as ǫ = e − ρ2v2, therefore the balane of internal energy is alulated from (1)-(3)
as
(4) ǫ˙+ ǫ∂iv
i + ∂i
(
li − P jivj − jimv
2
2
)
= −P ij∂jvi.
Here we an reognize the ux of the internal energy, the heat ow as
(5) qi = li − P jivj − jimv
2
2
.
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We assume loal equilibrium, therefore the entropy is the funtion of the internal
energy and the density. The Gibbs relation identies the derivatives of the entropy
and the potential relation denes the stati pressure in our density based treatment
(see e.g. [6℄).
(6) dǫ = Tds+ µdn, and ǫ = Ts+ µn− p.
In the following we exlude phase transitions and assume thermodynami stabil-
ity, a onave entropy funtion. That an be ensured by the following inequalities
∂
∂ǫ
1
T
< 0,
∂
∂n
µ
T
> 0,
∂
∂ǫ
1
T
∂
∂n
µ
T
− ∂
∂n
1
T
∂
∂ǫ
µ
T
=
∂
∂ǫ
1
T
∂
∂n
µ
T
+
(
∂
∂n
1
T
)2
≤ 0.(7)
Here we exploited the equality of the mixed partial derivatives of the entropy
∂
∂n
1
T
= − ∂
∂ǫ
µ
T
. Let us assume that the entropy ux J i has the lassial form [36℄
(8) J i =
qi
T
− ji µ
T
.
Let us remark that this form of the entropy ux is the onsequene of the loal
equilibrium and rst order nonloality and an be derived from the Seond Law
[37℄.
Therefore the entropy balane an be written as:
(9) s˙(ǫ, n) + s∂iv
i + ∂iJ
i = ...
= −ji∂i µ
T
+ qi∂i
1
T
− 1
T
(
P ij − pδij) ∂ivj ≥ 0.
The usual thermodynami uxes are the heat ux qi and the diusion ux ji and
the dissipative pressure P ij−pδij . The orresponding thermodynami fores are the
gradients of the entropi intensives ∂i
1
T
and −∂i µT , and the veloity gradient ∂ivj
respetively. Usually we assume a linear relationship between the thermodynami
uxes and fores. For isotropi materials the representation theorems of isotropi
funtions give salar oeients in the Fourier-law, in the Fik-law and in the
Newtonian pressure as
qi = λ∂i
1
T
− χ∂i µ
T
,(10)
ji = χ∂i
1
T
− ξ∂i µ
T
,(11)
P ij − pδij =: Πij = −η(∂ivj + ∂jvi − 2
3
∂kv
kδij)− ηv∂kvkδij .(12)
Here Πij denotes the dissipative part of the pressure. λˆ = λT−2 is the Fourier
heat ondution oeient, ξ is the diusion oeient and χ is the oupling oe-
ient of the Soret-Dufour eet, the oupling between heat ondution and diusion.
The ross oeients are equal aording to the reiproity relations of Onsager.
η is the shear visosity and ηv is the bulk visosity, respetively. The inequality of
the Seond Law (9), that is the nonnegativity of the entropy prodution restrits
the ondutivity oeients, therefore
(13) λ > 0, ξ > 0, λξ − χ2 > 0, η > 0, ηv > 0.
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In the following investigations we will neglet the Soret-Dufour eet and assume
that χ = 0.
2.2. Equilibrium. In thermodynami (generi) equilibrium the substantial time
derivatives and the dissipative uxes qi, ji and P ij − pδij , are zero. Therefore
from (10) and (11) it follows, that T (ǫ, n) = const. and µ(ǫ, n) = const.. The
inequalities of thermodynami stability (7) ensures the loal invertibility of these
funtions, therefore in generi equilibrium ǫ = const. and n = const., too. From
(12) we get, that the veloity eld is divergene and rotation free, that is ∂jv
j = 0
and ∂iv
j − ∂jvi = 0. In the following we investigate the linear stability of the
homogeneous equilibrium, where the relevant elds are onstant in time and ho-
mogeneous. Moreover, as the veloity eld in our equations is a relative veloity
related to an inertial observer, we may assume without restriting the generality
that the equilibrium veloity eld is zero. Therefore the equilibrium densities and
uxes are
n(xj , t) = n = const., ǫ(xj , t) = ǫ = const., vi(xj , t) = 0i,
jj(xi, t) = 0j, qj(xi, t) = 0j, Πij(xk, t) = P ij(xk, t)− p(ǫ, n)δij = 0ij .(14)
2.3. Linearization. Let us denote the perturbed elds by (δn, δǫ, δvi,δji,δqi, δΠij).
The linearization of the balanes (1)-(3) around homogeneous equilibrium results
in
0 = ˙δn+ n∂jδv
j + ∂jδj
j = 0,(15)
0 = δ˙ǫ+ (ǫ + p)∂jδv
j + ∂jδq
j ,(16)
0i = mn ˙δvi + ∂ip+ ∂jδΠ
ij = mn+
(
∂p
∂ǫ
∂iδǫ+
∂p
∂n
∂iδn
)
+ ∂jδΠ
ij ,(17)
0i = δqi − λ∂i 1
T
= δqi − λ
(
∂
∂ǫ
1
T
∂iδǫ+
∂
∂n
1
T
∂iδn
)
,(18)
0i = δji + ξ ∂i
µ
T
= δji + ξ
(
∂
∂ǫ
µ
T
∂iδǫ +
∂
∂n
µ
T
∂iδn
)
,(19)
0 = δΠij + ηv∂kδv
kδij + η(∂iδvj + ∂jδvi +
2
3
∂kδv
kδij).(20)
The overline denotes the equilibrium value of the orresponding funtions, e.g.
p = p(ǫ, n).
In order to identify possible instabilities we selet out exponential plane-wave
solutions of the perturbation equations: δQ = Q0e
Γt+ikx
, where Q0 is onstant. As
our equilibrium bakground state is a uid at rest, the substantial time derivative
is the partial time derivative d/dt = ∂t.
With these assumptions the perturbation equations follow as
0 = Γδn+ iknδvx + ikδjx,
0 = Γδǫ+ (ǫ + p)ikδvx + ikδqx,
0 = Γmnδvx + ik
(
∂p
∂ǫ
δǫ+
∂p
∂n
δn
)
+ ikδΠxx,
0 = Γmnδvy + ikδΠxy,
0 = Γmnδvz + ikδΠxz,
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0 = δqx − ikλ
(
∂
∂ǫ
1
T
δǫ+
∂
∂n
1
T
δn
)
,
0 = δqy = δqz ,
0 = δjx + ikξ
(
∂
∂ǫ
µ
T
δǫ+
∂
∂n
µ
T
δn
)
,
0 = δjy = δjz,
0 = δΠxx + ik
(
8
3
η + ηv
)
δvx,
0 = δΠxy + ikηδvy,
0 = δΠxz + ikηδvz,
0 = δΠyy + ikηvδv
y,
0 = δΠzz + ikηvδv
z,
0 = δΠzy.(21)
We an put the equations above into the following matrix form
(22) MABδQ
B = 0.
Here δQB represents the list of 17 elds whih desribe the perturbation of the
Fourier-Fik-Navier-Stokes uid:
δQ = (δn, δǫ, δvx, δqx, δΠxx, δjx;
δvy , δΠxy, δΠyy; δvz , δΠxz, δΠzz;
δΠyz, δqy, δqz , δjy, δjz).
Then the 17x17 matrix Mnr an be written in the blok diagonal form
(23) Mnr =


Nnr 0 0 0
0 Rnr 0 0
0 0 Rnr 0
0 0 0 I

 ,
where I is an 5x5 identity matrix and the submatries Rnr and Nnr are dened as
follows
(24) Rnr =

mnΓ ik 0ikη 1 0
ikηv 0 1

 ,
(25) Nnr =


Γ 0 ikmn 0 0 ik
0 Γ ik(e+ p) ik 0 0
ik ∂p
∂n
ik ∂p
∂ǫ
Γρ 0 ik 0
−ikλ ∂
∂n
1
T
−ikλ ∂
∂ǫ
1
T
0 1 0 0
ikξ ∂
∂n
µ
T
ikξ ∂
∂ǫ
µ
T
0 0 0 1
0 0 ikη˜ 0 1 0

 ,
where η˜ = 8η/3 + ηv and we have removed the overline above the equilibrium
quantities.
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Exponentially growing plane-wave solutions of (55) emerge whenever Γ and k
satisfy the dispersion relation
(26) detMnr = (detNnr)(detRnr)
2 = 0
with a positive real Γ. The roots of this equation are the roots obtained by setting
the determinants of either Nnr or Rnr to zero.
The determinant of Rnr gives the ondition
ρΓ + ηk2 = 0,
whih results in a negative Γ.
The determinant of Nnr gives the following dispersion relation
mnΓ3+
k2
(
η − λρ ∂
∂ǫ
1
T
+ ξmn
∂
∂n
µ
T
)
Γ2+
k2
(
k2
[
λξmn∆+ η
(
ξ
∂
∂n
µ
T
− λ ∂
∂ǫ
1
T
)]
+ (ǫ+ p)
∂p
∂ǫ
+mn
∂p
∂n
)
Γ+
k6λξη∆+ k4ξ(ǫ + p)
(
∂p
∂ǫ
∂
∂n
µ
T
− ∂p
∂n
∂
∂ǫ
µ
T
)
+ k4mnλ
(
∂p
∂ǫ
∂
∂n
1
T
− ∂p
∂n
∂
∂ǫ
1
T
)
= 0.
where
∆ = − ∂
∂ǫ
1
T
∂
∂n
µ
T
+
∂
∂ǫ
µ
T
∂
∂n
1
T
≥ 0,
due to the onavity of the entropy.
Aording to the Routh-Hurwitz riteria [38℄, the real parts of the roots of a
third order polynomial a0x
3 + a1x
2 + a2x+ a3 = 0 are negative whenever
a0 > 0,
a1 > 0,
a1a2 − a0a3 > 0.(27)
We an see, that the rst two onditions of (60) are fullled, beause the posi-
tivity of the density and the transport oeients and the onavity of the entropy.
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The third ondition after some alulations gives the following expression
a1a2 − a0a3 =
k6
(
−ηλ ∂
∂ǫ
1
T
[
η + λmn
∂
∂ǫ
1
T
]
+
ξ
[
η2
∂
∂n
µ
T
− 2ηλmn ∂
∂n
µ
T
∂
∂ǫ
1
T
− (mn)2λ2 ∂
∂ǫ
1
T
∆
]
+
ξ2mn
∂
∂n
µ
T
[
η
∂
∂ǫ
1
T
+mnλ∆
])
+
k4
(
ξmn
[
(ǫ+ p)
∂
∂n
1
T
− ∂
∂n
µ
T
]2
+
(ǫ + p)2
[
mnλ
(
∂
∂ǫ
1
T
)2
− η ∂
∂ǫ
1
T
]
+ (ǫ+ p)2mn
∂
∂n
1
T
[
−η +mnλ ∂
∂ǫ
1
T
]
+
(mn)2
[
η
∂
∂n
µ
T
+ mnλ
(
∂
∂n
1
T
)2])
≥ 0
One an see, that the rst four lines of the above expression are positive, term
by term due to the thermodynami onditions (7) and (13). The positivity of the
last two lines an be veried if we reognize that the expression is a seond order
polynomial of (ǫ + p). The oeient of the quadrati term is positive and the
disriminant of the polynomial simplies to the following form:
4η(mn)2
(
−η +mnλ ∂
∂ǫ
1
T
)
∆ ≤ 0,
As the disriminant is negative, the polynomial is positive.
Therefore we have proved the linear stability of the thermodynami equilibrium
of Fik-Fourier-Navier-Stokes uids. The linearized equations around the homoge-
neous equilibrium of these uids are asymptotially stable.
3. Speial relativisti fluids
3.1. Balanes of partile number, energy and momentum. For the metri
(Lorentz form) we use the gab = diag(−1, 1, 1, 1) onvention and we use a unit speed
of light c = 1, therefore for a four-veloity ua we have uau
a = −1. ∆ab = gab+uaub
denotes the u-orthogonal projetion. We perform the stability investigations in a
general frame independently of the onventions used by Ekart or Landau and
Lishitz.
The partile number ow an be expressed by the loal rest frame quantities as
(28) Na = nua + ja.
Here n = −uaNa is the partile density and ja = ∆abN b is the partile ux in a
omoving frame.
The partile number onservation is desribed by
(29) ∂aN
a = n˙+ n∂au
a + ∂aj
a = 0,
where n˙ = dn
dτ
= ua∂an denotes the derivative of n with respet to the proper time
τ .
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The energy-momentum density tensor is given with the help of the rest-frame
quantities as
(30) T ab = euaub + uaqb + ubqa + P ab,
where e = uaubT
ab
is the density of the energy, qb = −ua∆bγT aγ is the energy ux
or heat ux, qa = −ub∆acT cb is the momentum density and P ab = ∆ac∆bdT cd is the
pressure (stress) tensor. The momentum density, the energy ux and the pressure
are spaelike in the omoving frame, therefore uaq
a = 0 and uaP
ab = ubP
ab = 0b.
Let us emphasize that this form of the energy-momentum tensor is ompletely
general, but expressed by the loal rest frame quantities. The energy-momentum
tensor is symmetri, beause we assume that the internal spin of the material is
zero. In this ase the heat ux and the momentum density are equal. However,
the dierene in their physial meaning is a key element of our train of thoughts.
Heat is related to dissipation of energy but momentum density is not, therefore this
dierene should appear in the orresponding thermodynami framework.
Now the onservation of energy-momentum ∂bT
ab = 0 is expanded to
(31) ∂bT
ab = e˙ua + eua∂bu
b + eu˙a + ua∂bq
b + qb∂bu
a + q˙a + qa∂bu
b + ∂bP
ab = 0.
Its timelike part in the loal rest frame gives the balane of the energy e
(32) − ua∂bT ab = e˙+ e∂aua + ∂aqa + qau˙a + P ab∂bua = 0.
The spaelike part in the loal rest frame desribes the balane of the momentum
(33) ∆ac∂bT
cb = eu˙a + qa∂bu
b + qb∂bu
a +∆acq˙
c +∆ac∂bP
bc = 0.
4. Thermodynamis
The entropy density and ux an also be ombined into a four-vetor, using loal
rest frame quantities
(34) Sa = sua + Ja,
where s = −uaSa is the entropy density and Ja = Sa−uas = ∆abSb is the entropy
ux. The entropy ux is u-spaelike, therefore uaJ
a = 0. Now the Seond Law of
thermodynamis is translated to the following inequality
(35) ∂aS
a = s˙+ s∂au
a + ∂aJ
a ≥ 0.
Relativisti thermodynami theories assume that the entropy is a funtion of
the loal rest frame quantities, beause the thermodynami relations reet general
properties of loal material interations. The most important assumption is that
the entropy is a funtion of the loal rest frame energy density, the time-timelike
omponent of the energy momentum tensor aording to the veloity eld of the
material [7℄. Denitely the thermodynamis annot be related to an external ob-
server, therefore the dependene on the relative kineti energy is exluded. This
interpretation of e in (30) is supported by the form of the energy balane (32), where
the last term is analogous to the orresponding internal energy soure (dissipated
power) of the nonrelativisti theories.
In nonrelativisti uids the internal energy is the dierene of the onserved
total energy and the kineti energy of the material. However, also in nonrelativisti
theories the onstitutive relations must be objetive in the sense that they annot
depend on an external observer, the thermodynami framework should produe
frame independent material equations. (This apparent ontradition of lassial
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physis is eliminated by dierent sophistiated methods and lead to suh important
onepts as the ongurational fores or/and virtual power [39, 40, 41℄). However,
without distinguishing the energy related to the ow of the material from the total
energy one mixes the dissipative and nondissipative eets. The wrong separation
leads to generi instabilities of the orresponding theory.
Our andidate of the relativisti internal energy is related to the energy vetor
dened by Ea = −ubT ab = eua + qa. The energy vetor embraes both the total
rest frame energy density and the rest frame momentum. Therefore its absolute
value ǫ = ‖E‖ = √−EaEa =
√
e2 − qaqa seems to be a reasonable hoie of the
salar internal energy. Its series expansion, when the energy density is larger than
the momentum density is analogous to the orresponding nonrelativisti denition
(36) ǫ =
√
e2 − qaqa ≈ e− q
2
2e
+ ...
Thermodynami alulations based on the Liu proedure support this assump-
tion [31℄. Let us emphasize, that our andidate of internal energy is not related
to any external referene frame, only to the veloity eld of the material. In a
Landau-Lifshitz frame the energy vetor is timelike.
Assuming that the entropy density is the funtion of the internal energy and the
partile number density s(e, qa, n) = sˆ(
√
e2 − qaqa, n) leads to a modied form of
the thermodynami Gibbs relation and the potential relation for the densities as
follows
(37) de− q
a
e
dqa = Tds+ µdn, and e− q
aqa
e
= Ts− p+ µn.
Here T is the temperature, p is the pressure and µ is the hemial potential.
Equivalently the Gibbs relation gives the derivatives of the entropy density as fol-
lows
∂s
∂e
∣∣∣∣
(qa,n)
=
1
T
,
∂s
∂qa
∣∣∣∣
(e,n)
= − qa
eT
,
∂s
∂n
∣∣∣∣
(qa,e)
= −µ
T
.
For the entropy ux we assume the lassial form
(38) Ja =
qa
T
− j
aµ
T
.
Now we substitute the energy balane (32) and the partile number balane (29)
into the entropy balane (35) and we arrive at the following entropy prodution
formula:
∂aS
a = s˙(e, qa, n) + s∂au
a + ∂aJ
a
=
∂s
∂e
e˙+
∂s
∂qa
q˙a +
∂s
∂n
n˙+ s∂au
a + ∂a
qa
T
− ∂a j
aµ
T
= − 1
T
(e∂au
a + ∂aq
a + qau˙a + P
ab∂bua)− q
a
Te
q˙a + s∂au
a
+
µ
T
(n∂au
a + ∂aj
a) + qa∂a
1
T
+
1
T
∂aq
a − ja∂a µ
T
− µ
T
∂aj
a
= −ja∂a µ
T
− 1
T
(
P ab −
(
p+
qaqa
e
)
∆ab
)
∂aub(39)
+qa
(
∂a
1
T
− u˙a
T
− q˙a
eT
)
≥ 0.
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Aording to this quadrati expression and the potential relation in (37) the
visous pressure is given by
Πab = P ab −
(
p− q
2
e
)
∆ab
Therefore the (40) entropy prodution an be written as
(40) − ja∂a µ
T
− 1
T
Πab∂aub + q
a
(
∂a
1
T
− u˙a
T
− q˙a
eT
)
> 0
In isotropi ontinua the above entropy prodution results in the following on-
stitutive funtions assuming a linear relationship between thermodynami uxes
and fores
qa = λ∆ab
(
∂b
1
T
− u˙b
T
− q˙b
Te
)
,(41)
ja = −ξ∆ab∂b µ
T
,(42)
Πab = −2η〈∂aub〉 − ηv∂bub∆ab,(43)
where the braket denotes the symmetri traeless part of the spaelike tensor
〈∂aub〉 = ∆ac∆bd
(
∂cud + ∂duc
2
− 1
3
∂eu
e∆cd
)
.
Here (41), (42) and (43) are the relativisti generalizations of the Fourier law
of heat ondution, the Fik law of diusion and the Newtonian visous pressure
funtion. The shear and bulk visosity oeients, η and ηv, the heat ondution
oeient λ, and the diusion oeient ξ are non negative, aording to the
inequality of the entropy prodution (41). We may introdue a relaxation time
τ = λ/e in (41), as usual in seond order theories.
The equations (29), (32) and (33) are the evolution equations of a relativisti heat
onduting ideal uid, together with the onstitutive funtions (42), (43) and the
relaxation type equation (41). As speial ases we an get the relativisti Navier-
Stokes equation substituting (43) into (33) and assuming qa = 0, or the equations
of relativisti heat ondution solving together (41) and (32) assuming that Πab = 0
and ua = const..
5. Linear stability
In this setion we investigate the linear stability of the homogeneous equilibrium
of the equations (29), (32) and (33) together with the onstitutive relations (41)-
(43). Similar alulations are given by Hisok and Lindblom both for Ekart uids
[8℄ and Israel-Stewart uids [42℄.
5.1. Equilibrium. The equilibrium of the above set of equations is dened by
vanishing proper time derivatives and by zero entropy prodution with vanishing
thermodynami uxes
(44) Πab = 0, ja = 0, and qa = 0.
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Therefore aording to the balanes and the onstitutive funtions the equilib-
rium of the uid is determined by
n = onst. e = onst. ⇒ T = onst., µ = onst., p = onst.,(45)
∂au
a = 0, ∂aub + ∂bua = 0.(46)
In addition to the above onditions we require a homogeneous equilibrium ve-
loity eld
(47) ua = onst.
5.2. Linearization. We denote the equilibrium elds by overline and the per-
turbed elds by δ as Q = Q0+ δQ. Here Q stands for n, e, u
a
, qa, ja and Πab. The
linearized equations (29), (32), (33), (41), (42) and (43) around the equilibrium
given by (44)-(47) beome
0 = ˙δn+ n∂aδu
a + ∂aδj
a,(48)
0 = δ˙e+ (e+ p)∂aδu
a + ∂aδq
a,(49)
0 = (e+ p) ˙δua +∆ab∂bδp+ ˙δqa +∆
a
c∂bδΠ
cb,(50)
0 = δqa − λ∆ab
(
∂bδ
1
T
−
˙δub
T
− δ˙qb
eT
)
,(51)
0 = δja + ξ ∆ab∂bδ
µ
T
,(52)
0 = δΠab + ηv∂cδu
c∆ab + η∆ac∆bd(∂γδud + ∂dδuc − 2
3
∂eδu
e∆cd).(53)
The perturbation variables satisfy the following properties inherited from the lin-
earization of the original ones
0 = uaδqa = u
aδua = u
aδΠab = δΠab − δΠba
For the stability investigations we introdue exponential plane-wave solutions
of the perturbation equations: δQ = Q0e
Γt+ikx
, where Q0 is onstant and t and
x are two orthogonal oordinates in Minkowski spaetime. As our equilibrium
bakground state is a uid at rest we put ua∂a = ∂t.
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With these assumptions the set of perturbation equations follow as
0 = Γδn+ iknδux + ikδjx,
0 = Γδe+ (e+ p)ikδux + ikδqx,
0 = Γ(e+ p)δux + ik(∂epδe+ ∂npδn) + Γδq
x + ikδΠxx,
0 = Γ(e+ p)δuy + Γδqy + ikδΠxy,
0 = Γ(e+ p)δuz + Γδqz + ikδΠxz,
0 = δqx − ikλ
(
∂e
1
T
δe+ ∂n
1
T
δn
)
+
λ
T
Γδux +
λ
Te
Γδqx,
0 = δqy +
λ
T
Γδuy +
λ
Te
Γδqy,
0 = δqz +
λ
T
Γδuz +
λ
Te
Γδqz ,
0 = δjx + ikξ
(
∂e
µ
T
δe+ ∂n
µ
T
δn
)
0 = δjy = δjz ,
0 = δΠxx + ikη˜δux,
0 = δΠxy + ikηδuy,
0 = δΠxz + ikηδuz,
0 = δΠyy + ikη˜vδu
y,
0 = δΠzz + ikη˜vδu
z,
0 = δΠzy.(54)
Here we have introdued shortened notations for η˜ = ηv +
4
3η and η˜v = ηv − 23η
and for the partial derivatives of the thermodynami quantities as ∂e =
∂
∂e
and
∂n =
∂
∂n
. We an put the equations above into the following matrix form
(55) MABδQ
B = 0.
Here δQB represents the list of elds whih desribe the perturbation of the uid:
δQ = (δn, δe, δux, δqx, δΠxx, δjx;
δuy, δqy, δΠxy, δΠyy; δuz, δqz, δΠxz, δΠzz ;
δjy, δjz, δΠyz).
Then the 17x17 matrix M an be written in the blok diagonal form
(56) M =


N 0 0 0
0 R 0 0
0 0 R 0
0 0 0 I

 ,
where I is a 3x3 identity matrix and the submatriesR andN are dened as follows
(57) R =


(e+ p)Γ Γ ik 0
λ
T
Γ 1 + Γ λ
Te
0 0
ikη 0 1 0
ikη˜v 0 0 1

 ,
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(58) N =


Γ 0 ikn 0 0 ik
0 Γ ik(e+ p) ik 0 0
ik∂np ik∂ep Γ(e+ p) Γ ik 0
−ikλ∂n 1T ikλ∂e 1T Γ λT 1 + λeT Γ 0 0
0 0 ikη˜ 0 1 0
ikξ∂n
µ
T
ikξ∂e
µ
T
0 0 0 1

 .
Exponentially growing plane-wave solutions of (55) emerge whenever Γ and k
satisfy the dispersion relation
(59) detM = (detN)(detR)2 = 0
with a positive real Γ. The roots of this equation are the roots obtained by setting
the determinants of either N or R to zero.
The determinant of R gives the ondition
λ
p
eT
Γ2 +
(
e + p+ k2
η˜λ
T e
)
Γ + η˜k2 = 0.
The real parts of the roots of this polynomial are negative beause the oeients
of both the linear and the quadrati term are positive.
The determinant of N gives the following dispersion relation
Γ4
λp
Te
+
Γ3
(
e+ p+ k2
λ
eT
(
η˜ + pξ∂n
µ
T
))
+
Γ2k2
(
η˜ + (e+ p)ξ∂n
µ
T
+ λn∂n
1
T
+
λ
eT
(
n∂np+ p∂ep+ k
2η˜ξ∂n
µ
T
))
+
Γk2
(
(e+ p)∂ep+ n∂np+ k
2η˜
(
ξ∂n
µ
T
− λ∂e 1
T
)
+ k2
pλξ
eT
(
∂ep∂n
µ
T
− ∂e µ
T
∂np
))
+
k4
(
λn
(
∂ep∂n
1
T
− ∂np∂e 1
T
)
+ ξ(e+ p)
(
∂ep∂n
µ
T
− ∂np∂e µ
T
)
+
k2η˜λξ
(
∂e
µ
T
∂n
1
T
− ∂n µ
T
∂e
1
T
))
= 0.
Aording to the Routh-Hurwitz riteria [38℄, the real parts of the roots of a
fourth order polynomial a0x
4 + a1x
3 + a2x
2 + a3x+ a4 = 0 are negative whenever
a0 > 0,
a1 > 0,
a1a2 − a0a3 > 0,
(a1a2 − a0a3)a2 − a4a21 > 0.(60)
We an see, that the rst two onditions of (60) are fullled aording to the
Seond Law, the nonnegativity of the entropy prodution and the thermodynami
stability, the onavity of the entropy funtion.
Let us observe that one ould dene two set of intensives aording to the deriva-
tives of the entropy by the total and the internal energies [32℄. However, in the
stability investigations we need only the equilibrium values of the thermodynami
relations, when qa = 0, therefore the two set of intensives as well as their partial
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derivatives oinide. Hene the thermodynami stability is required in the same
form as it was in the non-relativisti ase, but the state variables are the partile
density n and the total energy density e, instead of the density and the internal
energy. (7)
∂e
1
T
< 0,(61)
∂n
µ
T
> 0,(62)
∆ := ∂e
1
T
∂n
µ
T
− ∂n 1
T
∂e
µ
T
≤ 0.(63)
As in the nonrelativisti ase the following identities are useful
∂ep = −(e+ p)T∂e 1
T
+ nT∂e
µ
T
,
∂np = −(e+ p)T∂n 1
T
+ nT∂n
µ
T
,
∂n
1
T
= −∂e µ
T
.
We an see that the rst two inequalities of (60) are satised and the third
inequality an be written as
a1a2 − a0a3 =
k2
[
η(e+ p) + (λn2 + ξ(e + p)2)∂n
µ
T
]
+
k4
[
ηλ
e2T
(
eη + λ
(
n2∂n
µ
T
− 2np∂n 1
T
− np2∂e 1
T
))
+
ξλ
{
2ηe(e+ p)∂n
µ
T
+ λep2
(
∂n
1
T
)2
+ λp
(
p∂n
1
T
− n∂n µ
T
)2}]
+
k6
[
ηξλ2
(eT )2
∂n
µ
T
(
η + ξp∂n
µ
T
)]
This expression is positive term by term. Only the underlined part requires
separate investigation. There one an reognise a seond order polynomial of n
with the negative disriminant
4n2∆ ≤ 0.
In Appendix B we show that the positivity of the fourth inequality of (60) does
not need any more ondition beyond the onavity of the entropy and the positivity
of the transport oeients.
Therefore we onlude that the homogeneous equilibrium of the relativisti heat
onduting, visous relativisti uids is stable. We did not need to exploit any
speial additional stability onditions beyond the well known thermodynami in-
equalities. This is in strong ontrast to the Ekart theory, where one enounter
generi instabilities and to the Müller-Israel-Stewart theory, where one should as-
sume additional ompliated onditions [42℄ and Appendix A. Our statement is
valid in arbitrary ow-frame, we did not need xed the ow neither to the Ekart
nor by the Landau-Lifshitz onditions.
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6. Conlusion
The suggested relativisti form of the internal energy depends on the momentum
density, therefore the entropy funtion is the funtion of the momentum density, too.
Moreover, in the rst approximation we have a regular seond order theory with only
one additional quadrati term in the entropy four vetor aording to (36). However,
in ontrast to any other extended theories there was no need to introdue additional
parameters, the oeient of the quadrati term, and therefore the relaxation time
in the generalized Fourier equation, is xed. Therefore our theory of dissipative
relativisti uids an be onsidered as the minimal stable extension of the theory
of Ekart.
We have investigated the analogous non-relativisti theory to emphasize the dif-
ferenes and similarities of the oneptual questions. However, it is well known,
that the suggestion of Brenner is untenable as it is, beause the onservation of the
moment of momentum requires the equality of the mass urrent and the momen-
tum density, similarly to the relativisti ase, where the time-spaelike and spae-
timelike parts of the energy momentum are equal in any frame as a onsequene
of the symmetry of the energy-momentum density in absene of internal moment
of momentum [43, 44℄. However, as the relativisti ase demonstrates learly, the
question is not laried ompletely, one an gure out several ideas to improve and
further generalize non-relativisti uid dynamis e.g. as the nonrelativisti limit of
the reent suggestion.
There are arguments that a suitable hosen ow-frame would eliminate the in-
stabilities of the Ekart theory [17, 45℄. However, the simplest hoie to x the ow
is the one of Ekart (oming from the onept of the non-relativisti barientri
veloity) with a vanishing partile ux. The other natural hoie, to x the ow to
the energy ux aording to Landau and Lifshitz [46, 47℄, leads to a heat ux that
is stritly onneted to diusion. Here we have shown that from a stability point
of view the ow frames are not neessary ingredients of a dissipative relativisti
theory of uids.
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8. Appendix A: Stability onditions of the Israel-Stewart theory
The Israel-Stewart theory is based on the following form of the entropy four
vetor
Sa =
(
s− 1
2T
(
β0Π
2 + β1q
bqb + β2π
a
bπ
b
a
))
ua +
1
T
(
α0Πq
a + α1π
a
bq
b
)
.
Here Π = Πaa and π
a
b = 〈Πab〉 are the trae and the symmetri traeless part of
the dissipative pressure and β0, β1, β2, α0, α1 are the salar valued Israel-Stewart
oeients. Stability onditions were alulated by Hisok and Lindblom in [22℄.
The independent variables of the thermodynami funtions are dierent that we
have used in the previous alulations. They use spei entropy s = s/n and nd
useful to introdue θ = µ
nT
as independent variable. They require the positivity
of the following quantities as onditions of the stability (formulas (53)-(60), with
λ = 1):
Ω1 =
1
(e+ p)
∂e
∂p
∣∣∣∣
s
,(64)
Ω2 =
1
(e+ p)
∂e
∂s
∣∣∣∣
p
∂p
∂s
∣∣∣∣
θ
,(65)
Ω3 = (e+ p)
[
1− ∂e
∂p
∣∣∣∣
s
]
,(66)
Ω4 = (e+ p)− 2β2 + β1 + 2α1
2β1β2 − α21
,(67)
Ω5 = β0,(68)
Ω6 = β1 − α
2
0
β0
− 2α
2
1
3β2
− 1
nT 2
∂T
∂s
∣∣∣∣
n
,(69)
Ω7 = β1 − α
2
1
2β2
,(70)
Ω8 = β2,(71)
It is worth to express the partial derivatives of the thermodynami quantities in
the above expressions by partial derivatives with the energy density and partile
number density as variables - using the previous shorthand notation - used in the
our reent investigations:
∂e
∂p
∣∣∣∣
s
=
(e + p)T
(e+ p)2∂eT − n2T 2∂n µT
,(72)
∂e
∂s
∣∣∣∣
p
∂p
∂s
∣∣∣∣
θ
=
n3T 3
(e+ p)2
∂np
(
n(e+ p)∂nT + n
2T∂n
µ
T
(e+ p)2∂eT − n2T 2∂n µT
)
(73)
− µ− nT∂n
µ
T
(e+ p)∂nT + Tµ− nT 2∂n µT
.
∂T
∂s
∣∣∣∣
n
=
T
n
∂eT.(74)
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With the graphi representation method of inequalities of the partial derivative
of Hisok and Lindblom [21℄ one an understand the physial ontent of the on-
ditions. However, the meaning, the origin why one should require suh a diult
set of onditions in addition to the thermodynami restritions, remains obsure.
9. Appendix B: Fourth Routh-Hurwitz ondition for relativisti
fluids
The fourth inequality in (60) an be written in the following form
(a1a2 − a0a3)a3 − a21a4 =
k4T
[(
λn2 + ξ(e + p)2
)(
n∂n
µ
T
− (e+ p)∂n 1
T
)2
+
(e+ p)η
(
n2∂n
µ
T
− 2n(e+ p)∂n 1
T
− n(e+ p)2∂e 1
T︸ ︷︷ ︸
)]
+
k6
[
λη2
e
(
−e(e+ p)∂e 1
T
)
+
(
n2∂n
µ
T
− 2n(e+ p)∂n 1
T
− n(e + p)2∂e 1
T︸ ︷︷ ︸
)
+
λη2
e

e2
(
p2
(
∂e
1
T
)2
+ 2np∂e
1
T
∂n
1
T
+ 2n2
(
∂n
1
T
)2)
+
e
(
2p3
(
∂e
1
T
)2
+ 6np2∂e
1
T
∂n
1
T
+ 6n2p
(
∂n
1
T
)2
− 2n3∂n 1
T
∂n
µ
T
)
+
(
n2∂n
µ
T
− 2np∂n 1
T
− p2∂e 1
T
)2)
+
ξ
{
η2(e + p)∂n
µ
T
+
ηλ
e
(
n2(3e+ 2p)2
(
∂n
1
T
)2
− n4(e+ p)2∂n 1
T
∂n
µ
T
+ (e+ p)2(3e+ p)2
(
∂n
1
T
)2
−
(e+ p)2p∂e
1
T
∂n
µ
T
)
+
λ2p
e2
(
n∂n
µ
T
− (e+ p)∂n 1
T
)2(
n2∂n
µ
T
− 2np∂n 1
T
− p2∂e 1
T︸ ︷︷ ︸+ep∂e
1
T
)}
+
ξ2
{
η(e + p)2
(
∂n
µ
T
)2
+
λ
e
p(e+ p)∂n
µ
T
(
(e+ p)∂n
1
T
− n∂n µ
T
)2}]
+
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k8
[(
ηλ
eT
)2(
−eη∂e 1
T
+ λ
(
p∂e
1
T
+ n∂n
1
T
)2)
+
ξ
{
λη3
eT
∂n
µ
T
+
λ2η2
e2T
(
n22
(
∂n
µ
T
)2
− 2n(e+ 2p)∂n 1
T
∂n
µ
T
+
3e(e+ p)
(
∂n
1
T
)2
− p(e+ 2p)∂e 1
T
∂n
µ
T
)
+
ηλ3p
e3T

n2∂n µ
T
(
(e − p)
(
∂n
1
T
)2
− p∂e 1
T
∂n
µ
T
)
+
2np∂n
1
T
(
(e + p)
(
∂n
1
T
)2
+ (e+ 2p)∂e
1
T
∂n
µ
T
)
+
p(e+ p)∂e
1
T
(
(−e+ p)
(
∂n
1
T
)2
+ p∂e
1
T
∂n
µ
T
)


ξ2
{
η2λ
eT
2(e+ p)
(
∂n
µ
T
)2
+
ηλ2
e2T
p∂n
µ
T
(
2n2
(
∂n
µ
T
)2
+ 2n(e+ 2p)∂n
1
T
∂n
µ
T
− (2e+ p)(e+ p)
(
∂n
1
T
)2
+
p(e+ p)∂e
1
T
∂n
µ
T
)
−
λ3
e3T
p3
(
n∂n
µ
T
− (e + p)∂n 1
T
)2(
∂e
1
T
∂n
µ
T
+
(
∂n
1
T
)2)}
+
ξ3
ηλ
eT
p(e+ p)
(
∂n
µ
T
)3]
+
k10
[
ξ
η3λ3
e2T 2
(
∂n
1
T
)2
+
ξ2
η2λ2
e3T 2
∂n
µ
T
{
eη∂n
µ
T
+ λp
(
(e− p)
(
∂n
1
T
)2
− p∂e 1
T
∂n
µ
T
)}
+
ξ3
ηλ2
e3T 2
p
(
∂n
µ
T
)2{
eη∂n
µ
T
− λp2
(
∂e
1
T
∂n
µ
T
+
(
∂n
1
T
)2)}]
≥ 0.
Here the rst two underbraed expressions are idential seond order polynomials
of e+ p with a disriminant
D1 = 4n
2∆ ≤ 0.
Therefore the rst part of the expression, the multiplier of k2 is positive. Then
the underlined expression is a seond order polynomial of e, with a disriminant
D2 = 4n
2
(
n∂n
1
T
+ p∂e
1
T
)2 (
−
(
n∂n
µ
T
− p∂n µ
T
)2
+ 2p2∆
)
≤ 0.
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The seond underlined and the third underbraed expressions are seond order
polynomials of n with negative disriminants
D3 = 4(e+ p)
2
(
∂n
µ
T
)2(
p(3e+ 2p)∆− e(5e+ 4p)
(
∂n
1
T
)2)
≤ 0,
and
D4 = 4p
2∆ ≤ 0.
Therefore the oeient of k6 is positive, beause the other terms and oeients
in that part of the expression are nonnegative.
Similarly, in the oeient of k8 the three underlined expressions are seond
order polynomials of n with the following disriminants
D5 = 4
(
∂n
µ
T
)2(
2p(e+ 2p)∆− e(5e+ 4p)
(
∂n
1
T
)2)
≤ 0,
D6 = 4p
(
p∆+ e
(
∂n
µ
T
)2)2(
p∆+ e∂e
1
T
∂n
µ
T
)
≤ 0,
D7 = 4
(
∂n
µ
T
)2(
2p(e+ p)∆− e(3e+ 4p)
(
∂n
1
T
)2)
≤ 0,
respetively. As every other term and oeient is nonnegative in the expression,
inluding the whole oeient of k10, we onlude that the whole expression is
nonnegative, as we have already indiated at the end of the formula.
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